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A problem of non-smooth mechanics, the expansion of the stress potential for heteromodular media
with respect to the components of the strain tensor, is formulated and solved. New characteristic
relationships and the form of the functional dependence of the elastic moduli and the phase of the
similitude of the deviators on the relationship between the invariants of the strain tensor follow from
the proposed expression. Inversion of governing dependences of the stresses on the deformations is
carried out. The nature of the coupling between the generalized moduli of elasticity and the phase of
the similitude of the deviators during deformations is demonstrated. Dual formulations of the theory
and the energy principles are presented.

1. THE ASYMMETRY AND NON-SMOOTHNESS OF THE HETEROMODULAR
LAW OF ELASTICITY

INTHE case of the simplest heteromodular law of elasticity {1-4]

(1.1)

{E'e, e<0
g=

E'e, e=0

the stress potential, that is, the specific potential energy of strain, has the form (E* and E~ are
the elastic moduli under compression and extension, respectively)

E€?, e<0
y={AEE 12)
KEe*, €20

It is obvious that relationship (1.1) is not smooth at zero and that the potential U(e) (1.2) is
not analytic and that it is not an even function.

In the general case we assume that the elastic potential W(e) for isotropic, heteromodular
media (HMM) is a homogeneous function of the second degree of homogeneity with respect
to the components of the strain tensor

e=(g;), W(0)=0, W(e)= xege;, x=const> 0
Such a potential has been considered in [4] under the assumption that the tensor is linear.

As a consequence of the effects of heteromodularity, the potential W(e) is also not an
analytic function at zero and its symmetry group cannot include inversion.
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914 A. 1. OLEINIKOV

Actually, as a consequence of Euler’s theorem on homogeneous functions, we have

2
W(e)= %o, Q= %(detils,j —e,8;ll=0; ,j,k=12,3) 13)
i0E

The coefficients Q, are homogeneous functions of zero degree of homogeneity which are
determined by the values of the generalized moduli of elasticity and the phase of the similitude
of the deviators. In the first place, since Q,(¢) # Q,(-¢€), according to the definition of a HMM,
then, consequently, the function W(e) cannot be expanded in a Taylor series at the point €=0.
Similarly, according to (1.3), W(e) = W(-¢), that is, the function W(e) does not have a centre of
inversion,

The asymmetry of isotropic HMMs admits [5] of the possibility of the existence of two
different versions of these which have opposite heteromodularity signs, that is, opposite signs
for the difference in the corresponding elastic moduli and the phases of the similitude of the
deviators. Here, media with different absolute values of these differences can have mirror-
symmetry properties while being the antipodes of one another. A mixture containing equal
amounts of the antipodes is indistinguishable from a conventional elastic body.

Models of HMMs usually arise when weakly non-linear strain diagrams are replaced by
piecewise linear diagrams. In this case, breakdown of the closeness of the solutions of prob-
lems corresponding to the smooth and uneven (heteromodular) models does not occur [6].
In the general case, non-linear strain diagrams can be approximated by a broken line. This
enables one to reduce an initial non-linear problem corresponding to a smooth model to a set
of problems in the mechanics of HMMs, the solutions of which must be joined together.

The potential W(g) is a piecewise-analytic function and cannot be expanded in a power
series. Assuming tensor linearity, this potential has been directly determined in [4, 7] on the
basis of experimental strain diagrams obtained under proportional loads.

2. EXPANSION OF THE STRESS POTENTIAL OF AN HMM, W(e) IN SERIES

The symmetry group of the potential W(e) is identical with a proper rotation group. Let us
represent the potential W(e) in the form of a series in functions which form a basis of
representations of this group. By virtue of (1.3), we have

W(E) = ritF(e,/r, €yfr, €3/r) 21

The function F is defined on the surface of a sphere of radius r=lel=V(g,,)=1 with its
centre at the point (0, 0, 0) in the space of the principal strains.

Surface spherical functions form the basis of represeritations of the spatial rotation group. It
is obvious that F is a function with an integrable square of the modulus on the surface of the
given sphere. Then [8], this function can be expanded in series, which converges in the mean,
in an orthogonal system of surface spherical functions Y;”

o ]
F(.t:_l,e_z,e_3)= 2 2 a'(m)ylm (2.2)

r r r 1=0m=-1

In a canonical local system of coordinates, the axes of which coincide with the principal axes
of the strain tensor, the functions Y," can be expressed in terms of the principal components of
this tensor.

In fact, by using the integral representation for the spherical functions

_aym 1 X
D7+ m)! | X'cosmudu, m=0,1,...,1

y" =
2rr' 1t n
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om _ ] x
_1_2%_‘.:1:)_[ X'sin mudu, m=-1,-2,...,~!
il e

X =g +ig cosu+igysinu; (i*=-1)

¥ =

which follow from the general form of the solutions of Laplace’s equation [9], expansion (2.2)
can be written in the form

€ £ £5 E; i~ "g.s"Ef
p( . ,.;.. _CO+€{_.+C'.I._"T_+C‘;&_,.3_+_" (23)
0 1 -1
Cp = a,() ), €= a,( ), Cy = al( ), c3= al(o)

cp=cn =307, cpy=cy=K%a", cy=cy=%a’
o =36 - %4, cn=-3aY - Ka{”, c3=a"
an =-%a’ +15a”, ¢y =-%ai" -15a§, cyy =¥
i = -3 = 4500, 153 =600, ey =~3fal M + 450
ey =6a5", ey =-%al” +15a7, oy =-%a” -15a{)
€123 = C13p = O3 = €31 = Capz = C3p = 5af 2
Expansion (2.3) is invariant under rotations. According to the transformation rule €, =g,€},
the coefficients of the series in (2.3) satisfy the equalities

’

o2 o2 2 a2 22 . -
cp"qkpclu cpt"qkpqslclu" cpm_qkpq:tqwcbu’ Qij"cos(livl;) (24)

In these relationships, I, I} are the vectors of the orthonormalized basis of the initial and
the new canonical coordinate systems respectively. On rotating the canonical system of co-
ordinates through a right angle in an anticlockwise sense around the g, €, and g, axes, we
have

100 0 0 1 -1
qkp=0 0 —1, qkp=0 1 O, qkp=l 0
01 0 -1 0 0 0 0 1

In this case, we obtain
o=By, 1=c;=c3=8), ¢ y=cnp=cy=0
C2=C3=Cp3 =8y, € =Cy=Cy33 =By
iz = €133 =Cyyy =Cp33 =C3y3 =Cap =~% B3, ¢p3=8,

Hence, expansion (2.3) acquires the form

F(ﬁl/r,gzlr,€3/r)=80~82 +(Bl-%83-'384)§+

2.5)
+BE2 + BE  + (4B, +2B,)m° + ...
The invariance of the potential W(e) with respect to inversion is attributable to the terms in
series (2.5) which depend on the dimensionless scalar parameters £ and 7

E=1 /T, lel<+3; n=1f/T,, mis1

(Il = Eqsu, Iz = Eue,‘,, [3 = EUEI,,S‘,)



916 A. I OLEINIKOV

The parameter § characterizes the relationship between the bulk and the mean shear strains
in an elementary volume of the medium while the parameter n additionally takes account of
the relationship between the maximum and mean shears. Where necessary, analogous
parameters of one of them are introduced into the treatment in the analysis of experimental
strain diagrams of materials, the characteristics of which depend on the form of the stressed
state {10, 11].

The terms of the series, corresponding to /=4, 5, . .. from (2.2), which have not been written
out in expansion (2.5), express the finer details of the change in the function F depending on
the form of the strain, that is, on the values of the parameters & and 1. Confining ourselves to
the terms of the series in (2.5) and introducing the appropriate notation

B, =¥\ By=p-¥%\A By=a, By=%(B-20), B =¥({PB+3)~-v

we obtain
W(£)=&’12+W2“V’1 ’2+°‘T113 +P l""3 » 1e>0 (2.6)

It is clear that, if we require that the expression for W(¢) should be invariant under inversion
€/ =—¢,;, then W(e) becomes the classical elastic potential. The heteromodularity is described
by the terms in expression (2.6), starting with the third term, which may be considered as a first
approximation [7, 12, 13).

The realization of the potential W(e) in the form (2.6) using expansion (2.3) of the function
F(e,/r, €,/r, €,/r) can be considered as a basis for carrying out systematic investigations of
the effects of heteromodularity in isotropically elastic media.

3. IMPORTANT RELATIONSHIPS IN THE MECHANICS OF HMMS

Using expression (2.6) and the conditions imposed on W(e), the governing equations
relating the stresses to the strains can be written as follows:

o =(A-v/E+3aE)]3; +(2F1—V§-0§3‘ﬂ1\3)€ij +3Beik3jk/\ﬁ-v
lel>0; o;=0, lel=0

(3.1)

In (3.1), the stress and strain tensors are coaxial.
For the inversion of (3.1), we make use of the general form of the expansion of the strain
tensor in the basis of the space of the coaxial stress tensors [14-16]

]

€;

1,9 10 gy e
31l aoij+wco_sx(1 3, tgxaoij] (32

Expressions for the generalized bulk modulus K+ (€, ), shear modulus G+ wy(§, n) and
phase of the similitude of the deviators x(€, n) can be obtained by convolution of the product
of relationships (3.1) with the tensors 8=(3,), 6=(0,;) and tro®, respectively. As a result
taking account of the equality

2W = Y417, + ycosy,

and the expression for the trace of the power of the strain tensor using the Hamilton—Cayley
theorem, we obtain
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g v
e I CR T C

%
G+yEn= [g Em+3 ﬁgz (K- HE + KE* +En) + 36 gf g, n)] (33)

3 2.3
x(Em) = arccos{[Gw(g,n)]"' (u- YVE - 0 %p_‘i;zl’l_iéiﬂ_)}

Hence, the governing equations relating the strains and the stresses are finally written in the
following form

%118 ¥ . 3siny [ Sy 2 )}
.= ‘ + 183%6)5; + -=15;
IS Ko GryEm (cos, +Sin% 183%0)s; cos3gs\ T 9

lol>0; €;=0. lol=0 (lol:,[c,»,—oij) 34

In relationships (3.4), the generalized moduli and phase of the similitude of the deviators are
defined by (3.3) and by the relationships

Jy =08, t=q%Ks;8;, Y=Heje;, 5;=0;— -WId;, ej=¢;-K15;

A=A ~Xe» Xo=-Yarcsin(4S;/1°), IxsI<n/6 (3.5)
Xe =—Harcsin(4E; [ ¥°), XIS /6, Sy=5;5,5 Ey=ezepey
gEM)=p- Y vE- Kok - KB’

The values of the parameters § and n are found from the system of equations

3K +¢(E.M)]
H(E,n)

h (7 -E+HENREM
T HE.n) t’ ()
Here

HEW =263 -E)[G+y(EN)]

8(E. M) =8> (€. m)+ (M’ - £+ %E%) " (%4B°120° - 1280° (1~ £%) -
—1+9E2 — 1584 + 3851+ 2Bg% (€, M(12En° + 3 - 14E% + 3E%) +
+B2g(E, N3N’ (3+7€2)+ 3 - 2787 + 6E° )

In the case of plane strain, the parameters & and 7 are inter-related W’ = ¥£(3-£?), and the
solution of system (3.6) reduces to the solution of just a single equation of this system.

In the general case, according to the last relationship of (3.3), the deviators of the stress and
strain tensors are not similar in that the phase of their similitude x when B#0 is non-zero
and the ratios of the principal components of the deviators of these tensors are not equal to
one another. In the case of a uniform triaxial compression or extensxon t=0, §,=0, shear
strains do not arise in the medium according to (3.6): £E=Fv3, n’>=F1/¥3. In the case of pure
shear J, =0, shear strains are accompanied by bulk strains. Under snmple shear Poynting and
Kelvm—Werthelm effects occur. In the case of a proportional change in the stresses o, =10y,
t = const, the parameters § and | remain constant and, consequently, the strain dlagrams (3.4)
are rectilinear,
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The potential W(e) can be considered as a function of the state parameters I,, y and .. The
differential relationships, relating the generalized moduli of elasticity and the phase of the
similitude of the deviators are the condition for this

2
362070} + 207 (3 - EMlcos (G + x)); + (1 - ma){ 33—§€2 oo s Mool } -

An?3-EM)siny(G + y)); + §\/2(3 ~E?) cos3x 97 +4(1-ER)sinx(G + y)]; = 0
6N (3~ E2)sin x(G + W) = V2 (3-E2)2 cos Iy [cos (G + W)l + 3.7)

3 P
3 5311_ gzl

[sinx(G + ¥)];, +360°sinx (G + )

Relationships (3.7) determine the nature of the interconnected change in the moduli and
phase when there is a change in the parameters § and n during the strain. According to (3.7),
when there is a proportional change in the components of the stress tensor, the phase of the
similitude of the deviators ¥ is equal to zero and the governing relationships (3.4) and (3.1)
are linear. The parameter n can only be constant when there is a proportional change in
the stresses. If the generalized bulk modulus is an increasing function of m, the product of the
generalized shear modulus with cos y is a decreasing function of n and yx, >y, and vice versa.
We note that signg; = —signf. Relationships (3.7) also determine the possible forms of the
strain diagrams of HMM:s.

4, DUAL FORMULATIONS. ENERGY PRINCIPLES FOR HMMS

The equalities
W(e)+W' (o) =0,e;, W' (0)=sup[e;o;-W(e)] (4.1)

hold in the case of the potential W(e).
Here, by virtue of Euler’s theorem

W(e)=W'(0)=Y0;e; (42)
The Legendre transformation [6] of the potential W(g) is involute
W(e) = sups[o;€; - W"(0)l, €;=aW"/do; (43)

Equalities (4.1)-(4.3) constitute a dual formulation of the theory of HMMs which uses the
potentials W(e) or W *(g). As can be seen from (4.2) and (4.3), this formulation for HMMs
(just as in the classical theory of elasticity) includes the Clapeyron formula and the equality of
the stress potential and the strain potential.

The principle of virtual work with the usual assumptions [17] also admits of a variational
formulation

[=inf, I(u), I(u)=[W(e(u))dv- [Fudv~ | Puds
Y Y % (4.4)
e(u) =4 (9u; / dx; +9u; / dx;)

where wu(x)=(u,(x), u,(x), 1,(x)) are the kinematically admissible displacement fields in a
Eulerian system of coordinates x=(x,, X,, X,): u=u, on a part of the boundary §,=S-S§, of
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the domain V occupied by the continuous medium and F and P are the densities of the mass
and surface forces.
The dual problem to (4.4) is written in the form

T =supgI'(0), I'(0)=[W*(c)dv- [(Oon)uyds (4.5)
1 4 Su
where o are the statically possible stress fields: do;/ox;+F,=0 in domain V, o
surface S, and n is the unit vector of the outward normal to the small area ds.
By analogy with the case of linear elasticity [17], we have

n. =P on the

ij' %j i

I[=T", inf, I(u)=sup, /" (0) (4.6)
When account is taken of (4.2) and (4.6), we obtain the Clapeyron theorem
2jW(e)dv = jFudv+ [Puds (C%))
v v )

It is also obvious that, as a consequence of (4.2), the extremal problems (4.4) and (4.5)
are the Lagrange and Castigliano energy principles for HHMs. Generally speaking, Betti’s
work reciprocity theorem is not satisfied apart from the case of a proportional change in
the stresses at all points of the domain V. This also holds under the assumption of tensor
linearity [4].

We note that this expansion of the potential W(e) can also be adopted as a basis for
developing the model of a granular medium, previously proposed in [18].
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